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Track Your Progress: 
Implementing the CCSSM 

 

Shade each rectangle to show your current understanding of each learning target. 
 

 I can design lessons focused on 
students learning the CCSSM. 

 
 I can create and analyze high quality 

common assessments aligned to SBAC 
expectations. 
 

 
My experience implementing the CCSSM … 
 
 
 
 
 
 
 
 
 
 
 
 
What are my successes?                   What are my challenges? 
 
 

Starting … Getting  There … Got It! 

Starting …   Getting  There … Got It! 
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What Do We Expect  
               Students To Learn?     
 

 

Domain 6 7 8 

Ratios and Proportional Relationships 
(RP) 
 

The Number System (NS) 

Expressions and Equations (EE) 

Geometry (G) 
 

Statistics and Probability (SP) 
 

Functions (F) 

Domains 

3 

The CCSS Requires Three  

Shifts in Mathematics 

1. Focus:  Focus strongly where 

the standards focus. 

2. Coherence: Think across 

grades, and link to major topics  

3. Rigor: balance conceptual 

understanding, procedural skill 

and fluency, and application 
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Rigor: Conceptual Understanding, 
Fluency, and Application 

 Here rigor does not mean “hard problems.” 
 

 Its a balance of three fundamental components that 
result in deep mathematical understanding. 
 

 There must be variety in what students are asked to 
produce. 

Rigor Examples 
 Conceptual Understanding: 

• 7.RP.2d    Explain what a point (x, y) on the graph of a proportional 
relationship means in terms of the situation, with special attention 
to the points (0, 0) and (1, r) where r is the unit rate. 

 

 Procedural Skill and Fluency: 

• 7.RP.1  Compute unit rates associated with ratios of fractions, 
including ratios of lengths, areas and other quantities measured in 
like or different units. 

 

 Application: 

• 7.RP.3 Use proportional relationships to solve multistep ratio and 
percent problems. Examples: simple interest, tax, markups and 
markdowns, gratuities and commissions, fees, percent increase and 
decrease, percent error. 

Standards for Mathematical Practice 

1. Make sense of problems and persevere in solving them. 
 

6.  Attend to precision. 

2. Reason 

abstractly and 

quantitatively. 

 

3. Construct viable 

arguments and 

critique the 

reasoning of 

others. 

4. Model with 

mathematics. 

 

5. Use 

appropriate 

tools 

strategically. 

7. Look for and 

make use of 

structure. 

 

8. Look for and 

express 

regularity in 

repeated 

reasoning. 
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Where can I find tasks? 
 map.mathshell.org  (MARS Tasks) 

 www.ccssmath.org (Resources) 

 www.engageny.org/mathematics  

 www.illustrativemathematics.org – click on 
“Illustrations” 

 www.smarterbalanced.org  

 www.ode.state.or.us/search/page/?id=3747 – 
look at Claims 2, 3 and 4  

 www.insidemathematics.org 

 www.teachingchannel.org 

 

Putting it All Together 

 Think of an upcoming lesson. 

 What standard(s) will students learn? 

 How will you know they learned it? What 
advancing and assessing questions will you 
use? 

 How will you design the lesson to include 
tasks that incorporate the standards for 
mathematical practice? 

 How will the lesson begin and end? 

How do we know students have 
learned the CCSSM? 
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Formative vs. Summative Assessments 

 

 An event after learning 

 Chapter tests, state 
assessment, end-of-year 
placement tests 

 Used to measure 
achievement 

 

 A process during learning 

 Descriptive feedback, use 
of rubrics, student self-
assessment 

 Used to support ongoing 
growth, improvement 

 

 

Summative Formative 

SBAC Member States 

SMARTER: Summative Multi-State Assessment  

Resources for Teachers and Educational Researchers 

www.smarterbalanced.org  

Four Claims Used in DRAFT SBAC Test Specifications 

Claim #1 
Concepts & 
Procedures 

Claim #2 
Problem Solving 

------------------------- 
Claim #4 

Modeling & Data 
Analysis 

Claim #3 
Communicating 

Reasoning 

Students can explain and apply mathematical 
concepts and interpret and carry out mathematical 
procedures with precision and fluency. 

Students can clearly and precisely construct viable 
arguments to support their own reasoning and to 
critique the reasoning of others. 

Students can solve a range of complex well-posed 
problems in pure and applied mathematics, making 
productive use of knowledge and problem solving 
strategies. 
---------------------------------------------------------- 
Students can analyze complex, real-world scenarios and 
can construct and use mathematical models to interpret 
and solve problems. 

40% 

60% 
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Analyze Assessments 
 Which standards or learning targets are 

assessed? 

 How are the mathematical practices assessed? 

 Use the Evaluation of Assessment Tool to 
determine balance of DOK Levels, variety of 
assessment types, quality of questions and 
final product. 

 How will the items be scored? 

 What is proficiency? 

Contact Information 

Sarah Schuhl , SMc Curriculum 

sarahschuhl@yahoo.com 

 

Shannon McCaw, SMc Curriculum 

mccaws@smccurriculum.com 

800-708-5259 
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Content Standard Progressions 6 – 8  
 

Number System 
Similarities Differences 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 

Ratios and Proportional Reasoning 
Similarities Differences 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
 

Expressions and Equations 
Similarities Differences 
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Geometry 
Similarities Differences 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
Statistics and Probability 

Similarities Differences 
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 p
, t

h
e 

re
la

ti
o

n
sh

ip
 b

et
w

ee
n

 t
h

e 
to

ta
l c

o
st

 a
n

d
 t

h
e 

n
u

m
b

er
 o

f 
it

em
s 

ca
n

 b
e 

ex
p

re
ss

ed
 

a
s 

t 
=

 p
n

. 

d
. E

xp
la

in
 w

h
at

 a
 p

o
in

t 
(x

, y
) 

o
n

 t
h

e 
g

ra
p

h
 o

f 
a 

p
ro

p
o

rt
io

n
al

 r
el

at
io

n
sh

ip
 m

ea
n

s 
in

 t
er

m
s 

o
f 

th
e 

si
tu

at
io

n
, w

it
h

 s
p

ec
ia

l a
tt

en
ti

o
n

 t
o

 t
h

e 
p

o
in

ts
 (

0
, 

0
) 

an
d

 (
1

, r
) 

w
h

er
e 

r 
is

 t
h

e 
u

n
it

 r
at

e.
 

3
. U

se
 p

ro
p

o
rt

io
n

al
 r

el
at

io
n

sh
ip

s 
to

 s
o

lv
e 

m
u

lt
is

te
p

 
ra

ti
o

 a
n

d
 p

er
ce

n
t 

p
ro

b
le

m
s.

   
E

xa
m

p
le

s:
 s

im
p

le
 

in
te

re
st

, t
a

x,
 m

a
rk

u
p

s 
a

n
d

 m
a

rk
d

o
w

n
s,

 g
ra

tu
it

ie
s 

a
n

d
 c

o
m

m
is

si
o

n
s,

 f
ee

s,
 p

er
ce

n
t 

in
cr

ea
se

 a
n

d
 

d
ec

re
a

se
, p

er
ce

n
t 

er
ro

r.
 

  

N
o

 R
a

ti
o

s 
a

n
d

 P
ro

p
o

rt
io

n
a

l R
el

a
ti

o
n

sh
ip

s 
D

o
m

a
in
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E
x

p
re

ss
io

n
s 

a
n

d
 E

q
u

a
ti

o
n

s 
6

-8
 

G
ra

d
e

 6
 

G
ra

d
e

 7
 

G
ra

d
e

 8
 

A
p

p
ly

 a
n

d
 e

xt
en

d
 p

re
v

io
u

s 
u

n
d

er
st

a
n

d
in

g
s 

o
f 

a
ri

th
m

et
ic

 t
o

 a
lg

eb
ra

ic
 e

xp
re

ss
io

n
s.

 
1

. W
ri

te
 a

n
d

 e
v

al
u

at
e 

n
u

m
er

ic
al

 e
xp

re
ss

io
n

s 
in

v
o

lv
in

g 
w

h
o

le
-n

u
m

b
er

 e
xp

o
n

en
ts

. 
2

. W
ri

te
, r

ea
d

, a
n

d
 e

v
al

u
at

e 
ex

p
re

ss
io

n
s 

in
 w

h
ic

h
 

le
tt

er
s 

st
an

d
 f

o
r 

n
u

m
b

er
s.

 
a.

 W
ri

te
 e

xp
re

ss
io

n
s 

th
at

 r
ec

o
rd

 o
p

er
at

io
n

s 
w

it
h

 
n

u
m

b
er

s 
an

d
 w

it
h

 le
tt

er
s 

st
an

d
in

g 
fo

r 
n

u
m

b
er

s.
  F

o
r 

ex
a

m
p

le
, e

xp
re

ss
 t

h
e 

ca
lc

u
la

ti
o

n
 “

Su
b

tr
a

ct
 y

 f
ro

m
 5

” 
a

s 
5

 –
 y

. 
b

. I
d

en
ti

fy
 p

ar
ts

 o
f 

an
 e

xp
re

ss
io

n
 u

si
n

g 
m

at
h

em
at

ic
al

 
te

rm
s 

(s
u

m
, t

er
m

, p
ro

d
u

ct
, f

ac
to

r,
 q

u
o

ti
en

t,
 

co
ef

fi
ci

en
t)

; v
ie

w
 o

n
e 

o
r 

m
o

re
 p

ar
ts

 o
f 

an
 

ex
p

re
ss

io
n

 a
s 

a 
si

n
gl

e 
en

ti
ty

.  
F

o
r 

ex
a

m
p

le
, d

es
cr

ib
e 

th
e 

ex
p

re
ss

io
n

 2
 (

8
 +

 7
) 

a
s 

a
 p

ro
d

u
ct

 o
f 

tw
o

 f
a

ct
o

rs
; 

vi
ew

 (
8

 +
 7

) 
a

s 
b

o
th

 a
 s

in
g

le
 e

n
ti

ty
 a

n
d

 a
 s

u
m

 o
f 

tw
o

 
te

rm
s.

 
c.

 E
v

al
u

at
e 

ex
p

re
ss

io
n

s 
at

 s
p

ec
if

ic
 v

al
u

es
 o

f 
th

ei
r 

v
ar

ia
b

le
s.

 I
n

cl
u

d
e 

ex
p

re
ss

io
n

s 
th

at
 a

ri
se

 f
ro

m
 

fo
rm

u
la

s 
u

se
d

 i
n

 r
ea

l-
w

o
rl

d
 p

ro
b

le
m

s.
 P

er
fo

rm
 

ar
it

h
m

et
ic

 o
p

er
at

io
n

s,
 in

cl
u

d
in

g 
th

o
se

 in
v

o
lv

in
g 

w
h

o
le

 n
u

m
b

er
 e

xp
o

n
en

ts
, i

n
 t

h
e 

co
n

v
en

ti
o

n
al

 o
rd

er
 

w
h

en
 t

h
er

e 
a

re
 n

o
 p

ar
en

th
es

es
 t

o
 s

p
ec

if
y

 a
 

p
ar

ti
cu

la
r 

o
rd

er
 (

O
rd

er
 o

f 
O

p
er

at
io

n
s)

. F
o

r 
ex

a
m

p
le

, 
u

se
 t

h
e 

fo
rm

u
la

s 
V

 =
 s

3
 a

n
d

 A
 =

 6
 s

2
 t

o
 f

in
d

 t
h

e 
vo

lu
m

e 
a

n
d

 s
u

rf
a

ce
 a

re
a

 o
f 

a
 c

u
b

e 
w

it
h

 s
id

es
 o

f 
le

n
g

th
 s

 =
 

1
/2

. 
3

. A
p

p
ly

 t
h

e 
p

ro
p

er
ti

es
 o

f 
o

p
er

at
io

n
s 

to
 g

en
er

at
e 

eq
u

iv
al

en
t 

ex
p

re
ss

io
n

s.
  F

o
r 

ex
a

m
p

le
, a

p
p

ly
 t

h
e 

d
is

tr
ib

u
ti

ve
 p

ro
p

er
ty

 t
o

 t
h

e 
ex

p
re

ss
io

n
 3

 (
2

 +
 x

) 
to

 
p

ro
d

u
ce

 t
h

e 
eq

u
iv

a
le

n
t 

ex
p

re
ss

io
n

 6
 +

 3
x;

 a
p

p
ly

 t
h

e 
d

is
tr

ib
u

ti
ve

 p
ro

p
er

ty
 t

o
 t

h
e 

ex
p

re
ss

io
n

 2
4

x 
+

 1
8

y 
to

 
p

ro
d

u
ce

 t
h

e 
eq

u
iv

a
le

n
t 

ex
p

re
ss

io
n

 6
 (

4
x 

+
 3

y)
; a

p
p

ly
 

p
ro

p
er

ti
es

 o
f 

o
p

er
a

ti
o

n
s 

to
 y

 +
 y

 +
 y

 t
o

 p
ro

d
u

ce
 t

h
e 

eq
u

iv
a

le
n

t 
ex

p
re

ss
io

n
 3

y.
 

4
. I

d
en

ti
fy

 w
h

en
 t

w
o

 e
xp

re
ss

io
n

s 
ar

e 
eq

u
iv

al
en

t 
(i

.e
., 

w
h

en
 t

h
e 

tw
o

 e
xp

re
ss

io
n

s 
n

am
e 

th
e 

sa
m

e 
n

u
m

b
er

 
re

ga
rd

le
ss

 o
f 

w
h

ic
h

 v
al

u
e 

is
 s

u
b

st
it

u
te

d
 i

n
to

 t
h

em
).

  
F

o
r 

ex
a

m
p

le
, t

h
e 

ex
p

re
ss

io
n

s 
y 

+
 y

 +
 y

 a
n

d
 3

y 
a

re
 

eq
u

iv
a

le
n

t 
b

ec
a

u
se

 t
h

ey
 n

a
m

e 
th

e 
sa

m
e 

n
u

m
b

er
 

re
g

a
rd

le
ss

 o
f 

w
h

ic
h

 n
u

m
b

er
 y

 s
ta

n
d

s 
fo

r.
 

 

U
se

 p
ro

p
er

ti
es

 o
f 

o
p

er
a

ti
o

n
s 

to
 g

en
er

a
te

 
eq

u
iv

a
le

n
t 

ex
p

re
ss

io
n

s.
 

1
. A

p
p

ly
 p

ro
p

er
ti

es
 o

f 
o

p
er

at
io

n
s 

as
 s

tr
at

eg
ie

s 
to

 
ad

d
, s

u
b

tr
ac

t,
 f

ac
to

r,
 a

n
d

 e
xp

an
d

 li
n

ea
r 

ex
p

re
ss

io
n

s 
w

it
h

 r
at

io
n

al
 c

o
ef

fi
ci

en
ts

. 
2

. U
n

d
er

st
an

d
 t

h
at

 r
ew

ri
ti

n
g

 a
n

 e
xp

re
ss

io
n

 i
n

 
d

if
fe

re
n

t 
fo

rm
s 

in
 a

 p
ro

b
le

m
 c

o
n

te
xt

 c
an

 s
h

ed
 

li
gh

t 
o

n
 t

h
e 

p
ro

b
le

m
 a

n
d

 h
o

w
 t

h
e 

q
u

an
ti

ti
es

 i
n

 
it

 a
re

 r
el

at
ed

.  
F

o
r 

ex
a

m
p

le
, a

 +
 0

.0
5

a
 =

 1
.0

5
a

 
m

ea
n

s 
th

a
t 

“i
n

cr
ea

se
 b

y 
5

%
” 

is
 t

h
e 

sa
m

e 
a

s 
“m

u
lt

ip
ly

 b
y 

1
.0

5
.”

 
 S

o
lv

e 
re

a
l-

li
fe

 a
n

d
 m

a
th

e
m

a
ti

ca
l 

p
ro

b
le

m
s 

u
si

n
g

 n
u

m
er

ic
a

l 
a

n
d

 a
lg

eb
ra

ic
 e

xp
re

ss
io

n
s 

a
n

d
 

eq
u

a
ti

o
n

s.
 

3
. S

o
lv

e 
m

u
lt

i-
st

ep
 r

ea
l-

li
fe

 a
n

d
 m

at
h

em
at

ic
al

 
p

ro
b

le
m

s 
p

o
se

d
 w

it
h

 p
o

si
ti

v
e 

an
d

 n
eg

at
iv

e 
ra

ti
o

n
al

 n
u

m
b

er
s 

in
 a

n
y

 f
o

rm
 (

w
h

o
le

 n
u

m
b

er
s,

 
fr

ac
ti

o
n

s,
 a

n
d

 d
ec

im
al

s)
, u

si
n

g 
to

o
ls

 
st

ra
te

gi
ca

ll
y

. A
p

p
ly

 p
ro

p
er

ti
es

 o
f 

o
p

er
at

io
n

s 
to

 
ca

lc
u

la
te

 w
it

h
 n

u
m

b
er

s 
in

 a
n

y
 f

o
rm

; c
o

n
v

er
t 

b
et

w
ee

n
 f

o
rm

s 
as

 a
p

p
ro

p
ri

at
e;

 a
n

d
 a

ss
es

s 
th

e 
re

as
o

n
a

b
le

n
es

s 
o

f 
an

sw
er

s 
u

si
n

g 
m

en
ta

l 
co

m
p

u
ta

ti
o

n
 a

n
d

 e
st

im
at

io
n

 s
tr

at
eg

ie
s.

   
4

. U
se

 v
ar

ia
b

le
s 

to
 r

ep
re

se
n

t 
q

u
an

ti
ti

es
 in

 a
 r

ea
l-

w
o

rl
d

 o
r 

m
at

h
em

at
ic

al
 p

ro
b

le
m

, a
n

d
 c

o
n

st
ru

ct
 

si
m

p
le

 e
q

u
at

io
n

s 
a

n
d

 i
n

eq
u

a
li

ti
es

 t
o

 s
o

lv
e 

p
ro

b
le

m
s 

b
y

 r
ea

so
n

in
g 

ab
o

u
t 

th
e 

q
u

a
n

ti
ti

es
. 

a.
 S

o
lv

e 
w

o
rd

 p
ro

b
le

m
s 

le
ad

in
g 

to
 e

q
u

at
io

n
s 

o
f 

th
e 

fo
rm

 p
x 

+
 q

 =
 r

 a
n

d
 p

(x
 +

 q
) 

=
 r

, w
h

er
e 

p
, q

, 
an

d
 r

 a
re

 s
p

ec
if

ic
 r

at
io

n
al

 n
u

m
b

er
s.

 S
o

lv
e 

eq
u

at
io

n
s 

o
f 

th
es

e 
fo

rm
s 

fl
u

en
tl

y
. C

o
m

p
ar

e 
a

n
 

al
ge

b
ra

ic
 s

o
lu

ti
o

n
 t

o
 a

n
 a

ri
th

m
et

ic
 s

o
lu

ti
o

n
, 

id
en

ti
fy

in
g 

th
e 

se
q

u
en

ce
 o

f 
th

e 
o

p
er

at
io

n
s 

u
se

d
 

in
 e

ac
h

 a
p

p
ro

ac
h

.  
 

b
. S

o
lv

e 
w

o
rd

 p
ro

b
le

m
s 

le
ad

in
g 

to
 i

n
eq

u
al

it
ie

s 
o

f 
th

e 
fo

rm
 p

x 
+

 q
 >

 r
 o

r 
p

x 
+

 q
 <

 r
, w

h
er

e 
p

, q
, a

n
d

 
r 

ar
e 

sp
ec

if
ic

 r
at

io
n

al
 n

u
m

b
er

s.
 G

ra
p

h
 t

h
e 

so
lu

ti
o

n
 s

et
 o

f 
th

e 
in

eq
u

al
it

y
 a

n
d

 i
n

te
rp

re
t 

it
 i

n
 

th
e 

co
n

te
xt

 o
f 

th
e 

p
ro

b
le

m
.  

 

W
o

rk
 w

it
h

 r
a

d
ic

a
ls

 a
n

d
 i

n
te

g
er

 e
xp

o
n

en
ts

. 
1

. K
n

o
w

 a
n

d
 a

p
p

ly
 t

h
e 

p
ro

p
er

ti
es

 o
f 

in
te

g
er

 
ex

p
o

n
en

ts
 t

o
 g

en
er

at
e 

eq
u

iv
al

en
t 

n
u

m
er

ic
al

 
ex

p
re

ss
io

n
s.

  F
o

r 
ex

a
m

p
le

, 3
2
 ×

 3
–5

 =
 3

–
3
 =

 1
/3

3
 =

 
1

/2
7

. 
2

. U
se

 s
q

u
ar

e 
ro

o
t 

an
d

 c
u

b
e 

ro
o

t 
sy

m
b

o
ls

 t
o

 
re

p
re

se
n

t 
so

lu
ti

o
n

s 
to

 e
q

u
at

io
n

s 
o

f 
th

e 
fo

rm
 x

2
 =

 p
 

an
d

 x
3
 =

 p
, w

h
er

e 
p

 is
 a

 p
o

si
ti

v
e 

ra
ti

o
n

al
 n

u
m

b
er

. 
E

v
al

u
at

e 
sq

u
ar

e 
ro

o
ts

 o
f 

sm
al

l p
er

fe
ct

 s
q

u
a

re
s 

an
d

 c
u

b
e 

ro
o

ts
 o

f 
sm

al
l p

er
fe

ct
 c

u
b

es
. K

n
o

w
 t

h
at

 


2
 is

 ir
ra

ti
o

n
al

.  
3

. U
se

 n
u

m
b

er
s 

ex
p

re
ss

ed
 i

n
 t

h
e 

fo
rm

 o
f 

a 
si

n
gl

e 
d

ig
it

 t
im

es
 a

n
 i

n
te

g
er

 p
o

w
er

 o
f 

1
0

 t
o

 e
st

im
at

e 
v

er
y

 la
rg

e 
o

r 
v

er
y

 s
m

al
l q

u
a

n
ti

ti
es

, a
n

d
 t

o
 e

xp
re

ss
 

h
o

w
 m

a
n

y
 t

im
es

 a
s 

m
u

ch
 o

n
e 

is
 t

h
an

 t
h

e 
o

th
er

.  
F

o
r 

ex
a

m
p

le
, e

st
im

a
te

 t
h

e 
p

o
p

u
la

ti
o

n
 o

f 
th

e 
U

n
it

ed
 

St
a

te
s 

a
s 

3
 ×

 1
0

8
 a

n
d

 t
h

e 
p

o
p

u
la

ti
o

n
 o

f 
th

e 
w

o
rl

d
 

a
s 

7
 ×

 1
0

9
, a

n
d

 d
et

er
m

in
e 

th
a

t 
th

e 
w

o
rl

d
 

p
o

p
u

la
ti

o
n

 is
 m

o
re

 t
h

a
n

 2
0

 t
im

es
 la

rg
er

. 
4

. P
er

fo
rm

 o
p

er
at

io
n

s 
w

it
h

 n
u

m
b

er
s 

ex
p

re
ss

ed
 in

 
sc

ie
n

ti
fi

c 
n

o
ta

ti
o

n
, i

n
cl

u
d

in
g

 p
ro

b
le

m
s 

w
h

er
e 

b
o

th
 d

ec
im

al
 a

n
d

 s
ci

en
ti

fi
c 

n
o

ta
ti

o
n

 a
re

 u
se

d
. U

se
 

sc
ie

n
ti

fi
c 

n
o

ta
ti

o
n

 a
n

d
 c

h
o

o
se

 u
n

it
s 

o
f 

ap
p

ro
p

ri
at

e 
si

ze
 f

o
r 

m
ea

su
re

m
en

ts
 o

f 
v

er
y

 la
rg

e 
o

r 
v

er
y

 s
m

al
l q

u
an

ti
ti

es
 (

e.
g.

, u
se

 m
il

li
m

et
er

s 
p

er
 

y
ea

r 
fo

r 
se

af
lo

o
r 

sp
re

ad
in

g)
. I

n
te

rp
re

t 
sc

ie
n

ti
fi

c 
n

o
ta

ti
o

n
 t

h
at

 h
as

 b
ee

n
 g

en
er

at
ed

 b
y

 t
ec

h
n

o
lo

gy
. 

 U
n

d
er

st
a

n
d

 t
h

e 
co

n
n

ec
ti

o
n

s 
b

et
w

e
en

 
p

ro
p

o
rt

io
n

a
l 

re
la

ti
o

n
sh

ip
s,

 l
in

es
, a

n
d

 l
in

ea
r 

eq
u

a
ti

o
n

s.
 

5
. G

ra
p

h
 p

ro
p

o
rt

io
n

al
 r

el
at

io
n

sh
ip

s,
 in

te
rp

re
ti

n
g 

th
e 

u
n

it
 r

at
e 

as
 t

h
e 

sl
o

p
e 

o
f 

th
e 

g
ra

p
h

. C
o

m
p

ar
e 

tw
o

 
d

if
fe

re
n

t 
p

ro
p

o
rt

io
n

al
 r

el
at

io
n

sh
ip

s 
re

p
re

se
n

te
d

 
in

 d
if

fe
re

n
t 

w
ay

s.
   

6
. U

se
 s

im
il

ar
 t

ri
an

gl
es

 t
o

 e
xp

la
in

 w
h

y
 t

h
e 

sl
o

p
e 

m
 is

 
th

e 
sa

m
e 

b
et

w
ee

n
 a

n
y

 t
w

o
 d

is
ti

n
ct

 p
o

in
ts

 o
n

 a
 

n
o

n
-v

er
ti

ca
l l

in
e 

in
 t

h
e 

co
o

rd
in

at
e 

p
la

n
e;

 d
er

iv
e 

th
e 

eq
u

at
io

n
 y

 =
 m

x 
fo

r 
a 

li
n

e 
th

ro
u

gh
 t

h
e 

o
ri

gi
n

 
an

d
 t

h
e 

eq
u

at
io

n
 y

 =
 m

x 
+

 b
 f

o
r 

a 
li

n
e 

in
te

rc
ep

ti
n

g
 

th
e 

v
er

ti
ca

l a
xi

s 
at

 b
. 
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E
x

p
re

ss
io

n
s 

a
n

d
 E

q
u

a
ti

o
n
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R
e

a
so

n
 a

b
o

u
t 

a
n

d
 s

o
lv

e 
o

n
e

-v
a

ri
a

b
le

 e
q

u
a

ti
o

n
s 

a
n

d
 

in
eq

u
a

li
ti

es
. 

5
. U

n
d

er
st

an
d

 s
o

lv
in

g
 a

n
 e

q
u

at
io

n
 o

r 
in

eq
u

al
it

y
 a

s 
a 

p
ro

ce
ss

 o
f 

an
sw

er
in

g 
a 

q
u

es
ti

o
n

: w
h

ic
h

 v
al

u
es

 f
ro

m
 

a 
sp

ec
if

ie
d

 s
et

, i
f 

an
y

, m
ak

e 
th

e 
eq

u
at

io
n

 o
r 

in
eq

u
al

it
y

 t
ru

e?
 U

se
 s

u
b

st
it

u
ti

o
n

 t
o

 d
et

er
m

in
e 

w
h

et
h

er
 a

 g
iv

en
 n

u
m

b
er

 in
 a

 s
p

ec
if

ie
d

 s
et

 m
ak

es
 a

n
 

eq
u

at
io

n
 o

r 
in

eq
u

al
it

y
 t

ru
e.

 
6

. U
se

 v
ar

ia
b

le
s 

to
 r

ep
re

se
n

t 
n

u
m

b
er

s 
an

d
 w

ri
te

 
ex

p
re

ss
io

n
s 

w
h

en
 s

o
lv

in
g 

a 
re

al
-w

o
rl

d
 o

r 
m

at
h

em
at

ic
al

 p
ro

b
le

m
; u

n
d

er
st

an
d

 t
h

at
 a

 v
a

ri
ab

le
 

ca
n

 r
ep

re
se

n
t 

a
n

 u
n

k
n

o
w

n
 n

u
m

b
er

, o
r,

 d
ep

en
d

in
g

 
o

n
 t

h
e 

p
u

rp
o

se
 a

t 
h

an
d

, a
n

y
 n

u
m

b
er

 i
n

 a
 s

p
ec

if
ie

d
 

se
t.

 
7

. S
o

lv
e 

re
al

-w
o

rl
d

 a
n

d
 m

at
h

em
at

ic
al

 p
ro

b
le

m
s 

b
y

 
w

ri
ti

n
g

 a
n

d
 s

o
lv

in
g 

eq
u

at
io

n
s 

o
f 

th
e 

fo
rm

 x
 +

 p
 =

 q
 

an
d

 p
x 

=
 q

 f
o

r 
ca

se
s 

in
 w

h
ic

h
 p

, q
 a

n
d

 x
 a

re
 a

ll
 

n
o

n
n

eg
at

iv
e 

ra
ti

o
n

al
 n

u
m

b
er

s.
 

8
. W

ri
te

 a
n

 i
n

eq
u

al
it

y
 o

f 
th

e 
fo

rm
 x

 >
 c

 o
r 

x 
<

 c
 t

o
 

re
p

re
se

n
t 

a 
co

n
st

ra
in

t 
o

r 
co

n
d

it
io

n
 i

n
 a

 r
ea

l-
w

o
rl

d
 

o
r 

m
at

h
em

at
ic

al
 p

ro
b

le
m

. R
ec

o
gn

iz
e 

th
at

 
in

eq
u

al
it

ie
s 

o
f 

th
e 

fo
rm

 x
 >

 c
 o

r 
x 

<
 c

 h
av

e 
in

fi
n

it
el

y
 

m
an

y
 s

o
lu

ti
o

n
s;

 r
ep

re
se

n
t 

so
lu

ti
o

n
s 

o
f 

su
ch

 
in

eq
u

al
it

ie
s 

o
n

 n
u

m
b

er
 li

n
e 

d
ia

gr
am

s.
 

 R
e

p
re

se
n

t 
a

n
d

 a
n

a
ly

ze
 q

u
a

n
ti

ta
ti

v
e 

re
la

ti
o

n
sh

ip
s 

b
et

w
e

en
 d

ep
en

d
en

t 
a

n
d

 i
n

d
e

p
en

d
en

t 
v

a
ri

a
b

le
s.

 
9

. U
se

 v
ar

ia
b

le
s 

to
 r

ep
re

se
n

t 
tw

o
 q

u
an

ti
ti

es
 i

n
 a

 r
ea

l-
w

o
rl

d
 p

ro
b

le
m

 t
h

at
 c

h
an

ge
 i

n
 r

el
at

io
n

sh
ip

 t
o

 o
n

e 
an

o
th

er
; w

ri
te

 a
n

 e
q

u
at

io
n

 t
o

 e
xp

re
ss

 o
n

e 
q

u
a

n
ti

ty
, 

th
o

u
gh

t 
o

f 
as

 t
h

e 
d

ep
en

d
en

t 
v

ar
ia

b
le

, i
n

 t
er

m
s 

o
f 

th
e 

o
th

er
 q

u
a

n
ti

ty
, t

h
o

u
gh

t 
o

f 
as

 t
h

e 
in

d
ep

en
d

en
t 

v
ar

ia
b

le
. A

n
al

y
ze

 t
h

e 
re

la
ti

o
n

sh
ip

 b
et

w
ee

n
 t

h
e 

d
ep

en
d

en
t 

a
n

d
 i

n
d

ep
en

d
en

t 
v

ar
ia

b
le

s 
u

si
n

g 
g

ra
p

h
s 

an
d

 t
ab

le
s,

 a
n

d
 r

el
at

e 
th

es
e 

to
 t

h
e 

eq
u

at
io

n
.  

F
o

r 
ex

a
m

p
le

, i
n

 a
 p

ro
b

le
m

 in
vo

lv
in

g
 m

o
ti

o
n

 a
t 

co
n

st
a

n
t 

sp
ee

d
, l

is
t 

a
n

d
 g

ra
p

h
 o

rd
er

ed
 p

a
ir

s 
o

f 
d

is
ta

n
ce

s 
a

n
d

 
ti

m
es

, a
n

d
 w

ri
te

 t
h

e 
eq

u
a

ti
o

n
 d

 =
 6

5
t 

to
 r

ep
re

se
n

t 
th

e 
re

la
ti

o
n

sh
ip

 b
et

w
ee

n
 d

is
ta

n
ce

 a
n

d
 t

im
e.

 
 

A
n

a
ly

ze
 a

n
d

 s
o

lv
e 

li
n

ea
r 

eq
u

a
ti

o
n

s 
a

n
d

 p
a

ir
s 

o
f 

si
m

u
lt

a
n

eo
u

s 
li

n
e

a
r 

eq
u

a
ti

o
n

s.
 

7
. S

o
lv

e 
li

n
ea

r 
eq

u
at

io
n

s 
in

 o
n

e 
v

ar
ia

b
le

. 
a.

 G
iv

e 
ex

am
p

le
s 

o
f 

li
n

ea
r 

eq
u

a
ti

o
n

s 
in

 o
n

e 
v

ar
ia

b
le

 
w

it
h

 o
n

e 
so

lu
ti

o
n

, i
n

fi
n

it
el

y
 m

an
y

 s
o

lu
ti

o
n

s,
 o

r 
n

o
 

so
lu

ti
o

n
s.

 S
h

o
w

 w
h

ic
h

 o
f 

th
es

e 
p

o
ss

ib
il

it
ie

s 
is

 t
h

e 
ca

se
 b

y
 s

u
cc

es
si

v
el

y
 t

ra
n

sf
o

rm
in

g 
th

e 
g

iv
en

 
eq

u
at

io
n

 i
n

to
 s

im
p

le
r 

fo
rm

s,
 u

n
ti

l a
n

 e
q

u
iv

al
en

t 
eq

u
at

io
n

 o
f 

th
e 

fo
rm

 x
 =

 a
, a

 =
 a

, o
r 

a
 =

 b
 r

es
u

lt
s 

(w
h

er
e 

a
 a

n
d

 b
 a

re
 d

if
fe

re
n

t 
n

u
m

b
er

s)
. 

b
. S

o
lv

e 
li

n
ea

r 
eq

u
at

io
n

s 
w

it
h

 r
at

io
n

al
 n

u
m

b
er

 
co

ef
fi

ci
en

ts
, i

n
cl

u
d

in
g 

eq
u

at
io

n
s 

w
h

o
se

 s
o

lu
ti

o
n

s 
re

q
u

ir
e 

ex
p

an
d

in
g 

ex
p

re
ss

io
n

s 
u

si
n

g
 t

h
e 

d
is

tr
ib

u
ti

v
e 

p
ro

p
er

ty
 a

n
d

 c
o

ll
ec

ti
n

g 
li

k
e 

te
rm

s.
 

8
. A

n
al

y
ze

 a
n

d
 s

o
lv

e 
p

ai
rs

 o
f 

si
m

u
lt

an
eo

u
s 

li
n

ea
r 

eq
u

at
io

n
s.

 
a.

 U
n

d
er

st
an

d
 t

h
at

 s
o

lu
ti

o
n

s 
to

 a
 s

y
st

em
 o

f 
tw

o
 

li
n

ea
r 

eq
u

at
io

n
s 

in
 t

w
o

 v
ar

ia
b

le
s 

co
rr

es
p

o
n

d
 t

o
 

p
o

in
ts

 o
f 

in
te

rs
ec

ti
o

n
 o

f 
th

ei
r 

gr
a

p
h

s,
 b

ec
au

se
 

p
o

in
ts

 o
f 

in
te

rs
ec

ti
o

n
 s

at
is

fy
 b

o
th

 e
q

u
at

io
n

s 
si

m
u

lt
an

eo
u

sl
y

. 
b

. S
o

lv
e 

sy
st

em
s 

o
f 

tw
o

 li
n

ea
r 

eq
u

at
io

n
s 

in
 t

w
o

 
v

ar
ia

b
le

s 
al

ge
b

ra
ic

al
ly

, a
n

d
 e

st
im

at
e 

so
lu

ti
o

n
s 

b
y

 
gr

ap
h

in
g 

th
e 

eq
u

at
io

n
s.

 S
o

lv
e 

si
m

p
le

 c
as

es
 b

y
 

in
sp

ec
ti

o
n

.  
F

o
r 

ex
a

m
p

le
, 3

x 
+

 2
y 

=
 5

 a
n

d
 3

x 
+

 2
y 

=
 

6
 h

a
ve

 n
o

 s
o

lu
ti

o
n

 b
ec

a
u

se
 3

x 
+

 2
y 

ca
n

n
o

t 
si

m
u

lt
a

n
eo

u
sl

y 
b

e 
5

 a
n

d
 6

. 
c.

 S
o

lv
e 

re
al

-w
o

rl
d

 a
n

d
 m

at
h

em
at

ic
al

 p
ro

b
le

m
s 

le
ad

in
g 

to
 t

w
o

 li
n

ea
r 

eq
u

at
io

n
s 

in
 t

w
o

 v
ar

ia
b

le
s.

 
F

o
r 

ex
a

m
p

le
, g

iv
en

 c
o

o
rd

in
a

te
s 

fo
r 

tw
o

 p
a

ir
s 

o
f 

p
o

in
ts

, d
et

er
m

in
e 

w
h

et
h

er
 t

h
e 

li
n

e 
th

ro
u

g
h

 t
h

e 
fi

rs
t 

p
a

ir
 o

f 
p

o
in

ts
 in

te
rs

ec
ts

 t
h

e 
li

n
e 

th
ro

u
g

h
 t

h
e 

se
co

n
d

 
p

a
ir

. 
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G
ra

d
e

 6
 

G
ra

d
e

 7
 

G
ra

d
e

 8
 

S
o

lv
e 

re
a

l-
w

o
rl

d
 a

n
d

 m
a

th
em

a
ti

ca
l 

p
ro

b
le

m
s 

in
v

o
lv

in
g

 a
re

a
, s

u
rf

a
ce

 a
re

a
, a

n
d

 
v

o
lu

m
e.

 

1
. F

in
d

 t
h

e 
ar

ea
 o

f 
ri

gh
t 

tr
ia

n
gl

es
, o

th
er

 
tr

ia
n

gl
es

, s
p

ec
ia

l q
u

ad
ri

la
te

ra
ls

, a
n

d
 

p
o

ly
go

n
s 

b
y

 c
o

m
p

o
si

n
g 

in
to

 r
ec

ta
n

gl
es

 o
r 

d
ec

o
m

p
o

si
n

g
 in

to
 t

ri
an

g
le

s 
an

d
 o

th
er

 
sh

ap
es

; a
p

p
ly

 t
h

es
e 

te
ch

n
iq

u
es

 i
n

 t
h

e 
co

n
te

xt
 o

f 
so

lv
in

g 
re

al
-w

o
rl

d
 a

n
d

 
m

at
h

em
at

ic
al

 p
ro

b
le

m
s.

 

2
. F

in
d

 t
h

e 
v

o
lu

m
e 

o
f 

a 
ri

gh
t 

re
ct

an
gu

la
r 

p
ri

sm
 w

it
h

 f
ra

ct
io

n
al

 e
d

ge
 le

n
gt

h
s 

b
y

 
p

ac
k

in
g 

it
 w

it
h

 u
n

it
 c

u
b

es
 o

f 
th

e 
ap

p
ro

p
ri

at
e 

u
n

it
 f

ra
ct

io
n

 e
d

ge
 le

n
gt

h
s,

 a
n

d
 

sh
o

w
 t

h
at

 t
h

e 
v

o
lu

m
e 

is
 t

h
e 

sa
m

e 
as

 w
o

u
ld

 
b

e 
fo

u
n

d
 b

y
 m

u
lt

ip
ly

in
g

 t
h

e 
ed

g
e 

le
n

gt
h

s 
o

f 
th

e 
p

ri
sm

. A
p

p
ly

 t
h

e 
fo

rm
u

la
s 

V
 =

 l 
w

 h
 

an
d

 V
 =

 b
 h

 t
o

 f
in

d
 v

o
lu

m
es

 o
f 

ri
gh

t 
re

ct
an

gu
la

r 
p

ri
sm

s 
w

it
h

 f
ra

ct
io

n
al

 e
d

ge
 

le
n

gt
h

s 
in

 t
h

e 
co

n
te

xt
 o

f 
so

lv
in

g 
re

al
-w

o
rl

d
 

an
d

 m
at

h
em

at
ic

al
 p

ro
b

le
m

s.
 

3
. D

ra
w

 p
o

ly
go

n
s 

in
 t

h
e 

co
o

rd
in

at
e 

p
la

n
e 

gi
v

en
 c

o
o

rd
in

at
es

 f
o

r 
th

e 
v

er
ti

ce
s;

 u
se

 
co

o
rd

in
at

es
 t

o
 f

in
d

 t
h

e 
le

n
gt

h
 o

f 
a 

si
d

e 
jo

in
in

g 
p

o
in

ts
 w

it
h

 t
h

e 
sa

m
e 

fi
rs

t 
co

o
rd

in
at

e 
o

r 
th

e 
sa

m
e 

se
co

n
d

 c
o

o
rd

in
at

e.
 

A
p

p
ly

 t
h

es
e 

te
ch

n
iq

u
es

 i
n

 t
h

e 
co

n
te

xt
 o

f 
so

lv
in

g 
re

al
-w

o
rl

d
 a

n
d

 m
at

h
em

at
ic

al
 

p
ro

b
le

m
s.

 

4
. R

ep
re

se
n

t 
th

re
e-

d
im

en
si

o
n

al
 f

ig
u

re
s 

u
si

n
g 

n
et

s 
m

ad
e 

u
p

 o
f 

re
ct

a
n

gl
es

 a
n

d
 t

ri
an

gl
es

, 
an

d
 u

se
 t

h
e 

n
et

s 
to

 f
in

d
 t

h
e 

su
rf

ac
e 

ar
ea

 o
f 

th
es

e 
fi

gu
re

s.
 A

p
p

ly
 t

h
es

e 
te

ch
n

iq
u

es
 in

 
th

e 
co

n
te

xt
 o

f 
so

lv
in

g 
re

al
-w

o
rl

d
 a

n
d

 
m

at
h

em
at

ic
al

 p
ro

b
le

m
s.

 

D
ra

w
, c

o
n

st
ru

ct
, a

n
d

 d
es

cr
ib

e 
g

eo
m

et
ri

ca
l 

fi
g

u
re

s 
a

n
d

 d
es

cr
ib

e
 t

h
e 

re
la

ti
o

n
sh

ip
s 

b
et

w
e

en
 t

h
em

. 

1
. S

o
lv

e 
p

ro
b

le
m

s 
in

v
o

lv
in

g 
sc

al
e 

d
ra

w
in

gs
 o

f 
ge

o
m

et
ri

c 
fi

gu
re

s,
 i

n
cl

u
d

in
g 

co
m

p
u

ti
n

g 
ac

tu
al

 
le

n
gt

h
s 

a
n

d
 a

re
as

 f
ro

m
 a

 s
ca

le
 d

ra
w

in
g

 a
n

d
 

re
p

ro
d

u
ci

n
g 

a 
sc

al
e 

d
ra

w
in

g
 a

t 
a 

d
if

fe
re

n
t 

sc
al

e.
 

2
. D

ra
w

 (
fr

ee
h

an
d

, w
it

h
 r

u
le

r 
an

d
 p

ro
tr

ac
to

r,
 

an
d

 w
it

h
 t

ec
h

n
o

lo
gy

) 
ge

o
m

et
ri

c 
sh

ap
es

 w
it

h
 

gi
v

en
 c

o
n

d
it

io
n

s.
 F

o
cu

s 
o

n
 c

o
n

st
ru

ct
in

g 
tr

ia
n

gl
es

 f
ro

m
 t

h
re

e 
m

ea
su

re
s 

o
f 

an
gl

es
 o

r 
si

d
es

, n
o

ti
ci

n
g 

w
h

en
 t

h
e 

co
n

d
it

io
n

s 
d

et
er

m
in

e 
a 

u
n

iq
u

e 
tr

ia
n

gl
e,

 m
o

re
 t

h
an

 o
n

e 
tr

ia
n

gl
e,

 o
r 

n
o

 t
ri

an
gl

e.
 

3
. D

es
cr

ib
e 

th
e 

tw
o

-d
im

en
si

o
n

al
 f

ig
u

re
s 

th
at

 
re

su
lt

 f
ro

m
 s

li
ci

n
g 

th
re

e-
d

im
en

si
o

n
al

 f
ig

u
re

s,
 

as
 in

 p
la

n
e 

se
ct

io
n

s 
o

f 
ri

gh
t 

re
ct

an
gu

la
r 

p
ri

sm
s 

an
d

 r
ig

h
t 

re
ct

an
gu

la
r 

p
y

ra
m

id
s.

 

 S
o

lv
e 

re
a

l-
li

fe
 a

n
d

 m
a

th
e

m
a

ti
ca

l 
p

ro
b

le
m

s 
in

v
o

lv
in

g
 a

n
g

le
 m

e
a

su
re

, a
re

a
, s

u
rf

a
ce

 a
re

a
, 

a
n

d
 v

o
lu

m
e.

 

4
. K

n
o

w
 t

h
e 

fo
rm

u
la

s 
fo

r 
th

e 
ar

ea
 a

n
d

 
ci

rc
u

m
fe

re
n

ce
 o

f 
a 

ci
rc

le
 a

n
d

 u
se

 t
h

em
 t

o
 

so
lv

e 
p

ro
b

le
m

s;
 g

iv
e 

a
n

 i
n

fo
rm

al
 d

er
iv

at
io

n
 

o
f 

th
e 

re
la

ti
o

n
sh

ip
 b

et
w

ee
n

 t
h

e 
ci

rc
u

m
fe

re
n

ce
 a

n
d

 a
re

a 
o

f 
a 

ci
rc

le
. 

5
. U

se
 f

ac
ts

 a
b

o
u

t 
su

p
p

le
m

en
ta

ry
, 

co
m

p
le

m
en

ta
ry

, v
er

ti
ca

l, 
an

d
 a

d
ja

ce
n

t 
an

gl
es

 
in

 a
 m

u
lt

i-
st

ep
 p

ro
b

le
m

 t
o

 w
ri

te
 a

n
d

 s
o

lv
e 

si
m

p
le

 e
q

u
at

io
n

s 
fo

r 
an

 u
n

k
n

o
w

n
 a

n
gl

e 
in

 a
 

fi
gu

re
. 

6
. S

o
lv

e 
re

al
-w

o
rl

d
 a

n
d

 m
at

h
em

at
ic

al
 p

ro
b

le
m

s 
in

v
o

lv
in

g
 a

re
a,

 v
o

lu
m

e 
an

d
 s

u
rf

ac
e 

ar
ea

 o
f 

tw
o

- 
an

d
 t

h
re

e-
d

im
en

si
o

n
al

 o
b

je
ct

s 
co

m
p

o
se

d
 o

f 
tr

ia
n

gl
es

, q
u

ad
ri

la
te

ra
ls

, 
p

o
ly

go
n

s,
 c

u
b

es
, a

n
d

 r
ig

h
t 

p
ri

sm
s.

 

 

U
n

d
er

st
a

n
d

 c
o

n
g

ru
en

ce
 a

n
d

 s
im

il
a

ri
ty

 u
si

n
g

 p
h

y
si

ca
l 

m
o

d
el

s,
 t

ra
n

sp
a

re
n

ci
es

, o
r 

g
eo

m
e

tr
y

 s
o

ft
w

a
re

. 
1

. V
er

if
y

 e
xp

er
im

en
ta

ll
y

 t
h

e 
p

ro
p

er
ti

es
 o

f 
ro

ta
ti

o
n

s,
 r

ef
le

ct
io

n
s,

 
an

d
 t

ra
n

sl
at

io
n

s:
 

a.
 L

in
es

 a
re

 t
ak

en
 t

o
 li

n
es

, a
n

d
 li

n
e 

se
gm

en
ts

 t
o

   
   

 li
n

e 
se

g
m

en
ts

 o
f 

th
e 

sa
m

e 
le

n
gt

h
. 

b
. A

n
gl

es
 a

re
 t

ak
en

 t
o

 a
n

gl
es

 o
f 

th
e 

sa
m

e 
 

   
  m

ea
su

re
. 

c.
 P

ar
al

le
l l

in
es

 a
re

 t
ak

en
 t

o
 p

ar
al

le
l l

in
es

. 
2

. U
n

d
er

st
an

d
 t

h
at

 a
 t

w
o

-d
im

en
si

o
n

al
 f

ig
u

re
 is

 c
o

n
gr

u
en

t 
to

 
an

o
th

er
 if

 t
h

e 
se

co
n

d
 c

an
 b

e 
o

b
ta

in
ed

 f
ro

m
 t

h
e 

fi
rs

t 
b

y
 a

 
se

q
u

en
ce

 o
f 

ro
ta

ti
o

n
s,

 r
ef

le
ct

io
n

s,
 a

n
d

 t
ra

n
sl

at
io

n
s;

 g
iv

en
 t

w
o

 
co

n
gr

u
en

t 
fi

gu
re

s,
 d

es
cr

ib
e 

a 
se

q
u

en
ce

 t
h

at
 e

xh
ib

it
s 

th
e 

co
n

gr
u

en
ce

 b
et

w
ee

n
 t

h
em

. 
3

. D
es

cr
ib

e 
th

e 
ef

fe
ct

 o
f 

d
il

at
io

n
s,

 t
ra

n
sl

at
io

n
s,

 r
o

ta
ti

o
n

s,
 a

n
d

 
re

fl
ec

ti
o

n
s 

o
n

 t
w

o
-d

im
en

si
o

n
al

 f
ig

u
re

s 
u

si
n

g 
co

o
rd

in
at

es
. 

4
. U

n
d

er
st

an
d

 t
h

at
 a

 t
w

o
-d

im
en

si
o

n
al

 f
ig

u
re

 is
 s

im
il

ar
 t

o
 

an
o

th
er

 if
 t

h
e 

se
co

n
d

 c
an

 b
e 

o
b

ta
in

ed
 f

ro
m

 t
h

e 
fi

rs
t 

b
y

 a
 

se
q

u
en

ce
 o

f 
ro

ta
ti

o
n

s,
 r

ef
le

ct
io

n
s,

 t
ra

n
sl

at
io

n
s,

 a
n

d
 d

il
at

io
n

s;
 

gi
v

en
 t

w
o

 s
im

il
ar

 t
w

o
-d

im
en

si
o

n
al

 f
ig

u
re

s,
 d

es
cr

ib
e 

a 
se

q
u

en
ce

 t
h

at
 e

xh
ib

it
s 

th
e 

si
m

il
ar

it
y

 b
et

w
ee

n
 t

h
em

. 
5

. U
se

 in
fo

rm
al

 a
rg

u
m

en
ts

 t
o

 e
st

a
b

li
sh

 f
ac

ts
 a

b
o

u
t 

th
e 

a
n

gl
e 

su
m

 a
n

d
 e

xt
er

io
r 

an
gl

e 
o

f 
tr

ia
n

gl
es

, a
b

o
u

t 
th

e 
an

gl
es

 c
re

a
te

d
 

w
h

en
 p

a
ra

ll
el

 li
n

es
 a

re
 c

u
t 

b
y

 a
 t

ra
n

sv
er

sa
l, 

an
d

 t
h

e 
an

gl
e

-
an

gl
e 

cr
it

er
io

n
 f

o
r 

si
m

il
ar

it
y

 o
f 

tr
ia

n
gl

es
.  

 U
n

d
er

st
a

n
d

 a
n

d
 a

p
p

ly
 t

h
e

 P
y

th
a

g
o

re
a

n
 T

h
eo

re
m

. 

6
. E

xp
la

in
 a

 p
ro

o
f 

o
f 

th
e 

P
y

th
a

go
re

an
 T

h
eo

re
m

 a
n

d
 it

s 
co

n
v

er
se

. 

7
. A

p
p

ly
 t

h
e 

P
y

th
ag

o
re

an
 T

h
eo

re
m

 t
o

 d
et

er
m

in
e 

u
n

k
n

o
w

n
 s

id
e 

le
n

gt
h

s 
in

 r
ig

h
t 

tr
ia

n
gl

es
 i

n
 r

ea
l-

w
o

rl
d

 a
n

d
 m

at
h

em
at

ic
al

 
p

ro
b

le
m

s 
in

 t
w

o
 a

n
d

 t
h

re
e 

d
im

en
si

o
n

s.
 

8
. A

p
p

ly
 t

h
e 

P
y

th
ag

o
re

an
 T

h
eo

re
m

 t
o

 f
in

d
 t

h
e 

d
is

ta
n

ce
 b

et
w

ee
n

 
tw

o
 p

o
in

ts
 i

n
 a

 c
o

o
rd

in
at

e 
sy

st
em

. 

 S
o

lv
e 

re
a

l-
w

o
rl

d
 a

n
d

 m
a

th
em

a
ti

ca
l 

p
ro

b
le

m
s 

in
v

o
lv

in
g

 
v

o
lu

m
e 

o
f 

cy
li

n
d

er
s,

 c
o

n
es

, a
n

d
 s

p
h

er
es

. 

9
. K

n
o

w
 t

h
e 

fo
rm

u
la

s 
fo

r 
th

e 
v

o
lu

m
es

 o
f 

co
n

es
, c

y
li

n
d

er
s,

 a
n

d
 

sp
h

er
es

 a
n

d
 u

se
 t

h
em

 t
o

 s
o

lv
e 

re
al

-w
o

rl
d

 a
n

d
 m

at
h

em
at

ic
al

 
p

ro
b

le
m

s.
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S
ta

ti
st

ic
s 

a
n

d
 P

ro
b

a
b

il
it

y
 6

-8
 

G
ra

d
e

 6
 

G
ra

d
e

 7
 

G
ra

d
e

 8
 

D
ev

el
o

p
 u

n
d

er
st

a
n

d
in

g
 o

f 
st

a
ti

st
ic

a
l 

v
a

ri
a

b
il

it
y

. 

1
. R

ec
o

gn
iz

e 
a 

st
at

is
ti

ca
l q

u
es

ti
o

n
 a

s 
o

n
e 

th
at

 
an

ti
ci

p
at

es
 v

ar
ia

b
il

it
y

 in
 t

h
e 

d
at

a 
re

la
te

d
 t

o
 t

h
e 

q
u

es
ti

o
n

 a
n

d
 a

cc
o

u
n

ts
 f

o
r 

it
 i

n
 t

h
e 

an
sw

er
s.

  F
o

r 
ex

a
m

p
le

, “
H

o
w

 o
ld

 a
m

 I
?”

 is
 n

o
t 

a
 s

ta
ti

st
ic

a
l 

q
u

es
ti

o
n

, b
u

t 
“H

o
w

 o
ld

 a
re

 t
h

e 
st

u
d

en
ts

 in
 m

y 
sc

h
o

o
l?

” 
is

 a
 s

ta
ti

st
ic

a
l q

u
es

ti
o

n
 b

ec
a

u
se

 o
n

e 
a

n
ti

ci
p

a
te

s 
va

ri
a

b
il

it
y 

in
 s

tu
d

en
ts

’ a
g

es
. 

2
. U

n
d

er
st

an
d

 t
h

at
 a

 s
et

 o
f 

d
at

a 
co

ll
ec

te
d

 t
o

 a
n

sw
er

 
a 

st
at

is
ti

ca
l q

u
es

ti
o

n
 h

as
 a

 d
is

tr
ib

u
ti

o
n

 w
h

ic
h

 c
an

 
b

e 
d

es
cr

ib
ed

 b
y

 i
ts

 c
en

te
r,

 s
p

re
ad

, a
n

d
 o

v
er

al
l 

sh
ap

e.
 

3
. R

ec
o

gn
iz

e 
th

at
 a

 m
ea

su
re

 o
f 

ce
n

te
r 

fo
r 

a 
n

u
m

er
ic

al
 d

at
a 

se
t 

su
m

m
ar

iz
es

 a
ll

 o
f 

it
s 

v
al

u
es

 
w

it
h

 a
 s

in
gl

e 
n

u
m

b
er

, w
h

il
e 

a 
m

ea
su

re
 o

f 
v

ar
ia

ti
o

n
 d

es
cr

ib
es

 h
o

w
 it

s 
v

al
u

es
 v

ar
y

 w
it

h
 a

 
si

n
gl

e 
n

u
m

b
er

. 

 S
u

m
m

a
ri

ze
 a

n
d

 d
es

cr
ib

e 
d

is
tr

ib
u

ti
o

n
s.

 

4
. D

is
p

la
y

 n
u

m
er

ic
al

 d
at

a 
in

 p
lo

ts
 o

n
 a

 n
u

m
b

er
 li

n
e,

 
in

cl
u

d
in

g 
d

o
t 

p
lo

ts
, h

is
to

gr
a

m
s,

 a
n

d
 b

o
x 

p
lo

ts
. 

5
. S

u
m

m
ar

iz
e 

n
u

m
er

ic
al

 d
at

a 
se

ts
 i

n
 r

el
at

io
n

 t
o

 t
h

ei
r 

co
n

te
xt

, s
u

ch
 a

s 
b

y
: 

a.
 R

ep
o

rt
in

g 
th

e 
n

u
m

b
er

 o
f 

o
b

se
rv

at
io

n
s.

 

b
. D

es
cr

ib
in

g
 t

h
e 

n
at

u
re

 o
f 

th
e 

at
tr

ib
u

te
 u

n
d

er
 

in
v

es
ti

ga
ti

o
n

, i
n

cl
u

d
in

g 
h

o
w

 i
t 

w
as

 m
ea

su
re

d
 a

n
d

 
it

s 
u

n
it

s 
o

f 
m

ea
su

re
m

en
t.

 

c.
 G

iv
in

g 
q

u
an

ti
ta

ti
v

e 
m

ea
su

re
s 

o
f 

ce
n

te
r 

(m
ed

ia
n

 
an

d
/o

r 
m

ea
n

) 
an

d
 v

ar
ia

b
il

it
y

 (
in

te
rq

u
ar

ti
le

 r
a

n
ge

 
an

d
/o

r 
m

ea
n

 a
b

so
lu

te
 d

ev
ia

ti
o

n
),

 a
s 

w
el

l 
as

 
d

es
cr

ib
in

g 
an

y
 o

v
er

al
l p

at
te

rn
 a

n
d

 a
n

y
 s

tr
ik

in
g 

d
ev

ia
ti

o
n

s 
fr

o
m

 t
h

e 
o

v
er

al
l p

at
te

rn
 w

it
h

 r
ef

er
en

ce
 

to
 t

h
e 

co
n

te
xt

 i
n

 w
h

ic
h

 t
h

e 
d

at
a 

w
er

e 
ga

th
er

ed
. 

d
. R

el
at

in
g 

th
e 

ch
o

ic
e 

o
f 

m
ea

su
re

s 
o

f 
ce

n
te

r 
an

d
 

v
ar

ia
b

il
it

y
 t

o
 t

h
e 

sh
ap

e 
o

f 
th

e 
d

at
a 

d
is

tr
ib

u
ti

o
n

 
an

d
 t

h
e 

co
n

te
xt

 i
n

 w
h

ic
h

 t
h

e 
d

at
a 

w
er

e 
ga

th
er

ed
. 

U
se

 r
a

n
d

o
m

 s
a

m
p

li
n

g
 t

o
 d

ra
w

 i
n

fe
re

n
ce

s 
a

b
o

u
t 

a
 

p
o

p
u

la
ti

o
n

. 

1
. U

n
d

er
st

an
d

 t
h

at
 s

ta
ti

st
ic

s 
ca

n
 b

e 
u

se
d

 t
o

 g
ai

n
 

in
fo

rm
at

io
n

 a
b

o
u

t 
a 

p
o

p
u

la
ti

o
n

 b
y

 e
xa

m
in

in
g 

a 
sa

m
p

le
 o

f 
th

e 
p

o
p

u
la

ti
o

n
; g

en
er

al
iz

at
io

n
s 

ab
o

u
t 

a 
p

o
p

u
la

ti
o

n
 f

ro
m

 a
 s

am
p

le
 a

re
 v

al
id

 o
n

ly
 if

 t
h

e 
sa

m
p

le
 

is
 r

ep
re

se
n

ta
ti

v
e 

o
f 

th
at

 p
o

p
u

la
ti

o
n

. U
n

d
er

st
an

d
 t

h
at

 
ra

n
d

o
m

 s
am

p
li

n
g

 t
en

d
s 

to
 p

ro
d

u
ce

 r
ep

re
se

n
ta

ti
v

e 
sa

m
p

le
s 

an
d

 s
u

p
p

o
rt

 v
al

id
 i

n
fe

re
n

ce
s.

 

2
. U

se
 d

at
a 

fr
o

m
 a

 r
an

d
o

m
 s

am
p

le
 t

o
 d

ra
w

 i
n

fe
re

n
ce

s 
ab

o
u

t 
a 

p
o

p
u

la
ti

o
n

 w
it

h
 a

n
 u

n
k

n
o

w
n

 c
h

ar
ac

te
ri

st
ic

 o
f 

in
te

re
st

. G
en

er
at

e 
m

u
lt

ip
le

 s
am

p
le

s 
(o

r 
si

m
u

la
te

d
 

sa
m

p
le

s)
 o

f 
th

e 
sa

m
e 

si
ze

 t
o

 g
au

ge
 t

h
e 

v
ar

ia
ti

o
n

 in
 

es
ti

m
at

es
 o

r 
p

re
d

ic
ti

o
n

s.
 

 D
ra

w
 i

n
fo

rm
a

l 
co

m
p

a
ra

ti
v

e 
in

fe
re

n
ce

s 
a

b
o

u
t 

tw
o

 
p

o
p

u
la

ti
o

n
s.

 

3
. I

n
fo

rm
al

ly
 a

ss
es

s 
th

e 
d

eg
re

e 
o

f 
v

is
u

al
 o

v
er

la
p

 o
f 

tw
o

 
n

u
m

er
ic

al
 d

at
a 

d
is

tr
ib

u
ti

o
n

s 
w

it
h

 s
im

il
ar

 v
ar

ia
b

il
it

ie
s,

 
m

ea
su

ri
n

g 
th

e 
d

if
fe

re
n

ce
 b

et
w

ee
n

 t
h

e 
ce

n
te

rs
 b

y
 

ex
p

re
ss

in
g 

it
 a

s 
a 

m
u

lt
ip

le
 o

f 
a 

m
ea

su
re

 o
f 

v
ar

ia
b

il
it

y
.  

4
. U

se
 m

ea
su

re
s 

o
f 

ce
n

te
r 

an
d

 m
ea

su
re

s 
o

f 
v

ar
ia

b
il

it
y

 f
o

r 
n

u
m

er
ic

al
 d

at
a 

fr
o

m
 r

an
d

o
m

 s
am

p
le

s 
to

 d
ra

w
 

in
fo

rm
al

 c
o

m
p

ar
at

iv
e 

in
fe

re
n

ce
s 

ab
o

u
t 

tw
o

 
p

o
p

u
la

ti
o

n
s.

  

 In
v

es
ti

g
a

te
 c

h
a

n
ce

 p
ro

ce
ss

es
 a

n
d

 d
ev

el
o

p
, u

se
, a

n
d

 
ev

a
lu

a
te

 p
ro

b
a

b
il

it
y

 m
o

d
el

s.
 

5
. U

n
d

er
st

an
d

 t
h

at
 t

h
e 

p
ro

b
ab

il
it

y
 o

f 
a 

ch
an

ce
 e

v
en

t 
is

 a
 

n
u

m
b

er
 b

et
w

ee
n

 0
 a

n
d

 1
 t

h
a

t 
ex

p
re

ss
es

 t
h

e 
li

k
el

ih
o

o
d

 
o

f 
th

e 
ev

en
t 

o
cc

u
rr

in
g.

 L
ar

g
er

 n
u

m
b

er
s 

in
d

ic
at

e 
gr

ea
te

r 
li

k
el

ih
o

o
d

. A
 p

ro
b

ab
il

it
y

 n
ea

r 
0

 in
d

ic
at

es
 a

n
 

u
n

li
k

el
y

 e
v

en
t,

 a
 p

ro
b

ab
il

it
y

 a
ro

u
n

d
 1

/2
 i

n
d

ic
at

es
 a

n
 

ev
en

t 
th

at
 is

 n
ei

th
er

 u
n

li
k

el
y

 n
o

r 
li

k
el

y
, a

n
d

 a
 

p
ro

b
ab

il
it

y
 n

ea
r 

1
 in

d
ic

at
es

 a
 li

k
el

y
 e

v
en

t.
 

6
. A

p
p

ro
xi

m
at

e 
th

e 
p

ro
b

ab
il

it
y

 o
f 

a 
ch

an
ce

 e
v

en
t 

b
y

 
co

ll
ec

ti
n

g 
d

at
a 

o
n

 t
h

e 
ch

an
ce

 p
ro

ce
ss

 t
h

at
 p

ro
d

u
ce

s 
it

 
an

d
 o

b
se

rv
in

g
 it

s 
lo

n
g

-r
u

n
 r

el
at

iv
e 

fr
eq

u
en

cy
, a

n
d

 
p

re
d

ic
t 

th
e 

ap
p

ro
xi

m
at

e 
re

la
ti

v
e 

fr
eq

u
en

cy
 g

iv
en

 t
h

e 
p

ro
b

ab
il

it
y

.  
 

In
v

es
ti

g
a

te
 p

a
tt

er
n

s 
o

f 
a

ss
o

ci
a

ti
o

n
 i

n
 

b
iv

a
ri

a
te

 d
a

ta
. 

1
. C

o
n

st
ru

ct
 a

n
d

 i
n

te
rp

re
t 

sc
at

te
r 

p
lo

ts
 f

o
r 

b
iv

ar
ia

te
 m

ea
su

re
m

en
t 

d
at

a 
to

 in
v

es
ti

ga
te

 
p

at
te

rn
s 

o
f 

as
so

ci
at

io
n

 b
et

w
ee

n
 t

w
o

 
q

u
an

ti
ti

es
. D

es
cr

ib
e 

p
at

te
rn

s 
su

ch
 a

s 
cl

u
st

er
in

g,
 o

u
tl

ie
rs

, p
o

si
ti

v
e 

o
r 

n
eg

at
iv

e 
as

so
ci

at
io

n
, l

in
ea

r 
as

so
ci

at
io

n
, a

n
d

 n
o

n
li

n
ea

r 
as

so
ci

at
io

n
. 

2
. K

n
o

w
 t

h
at

 s
tr

ai
gh

t 
li

n
es

 a
re

 w
id

el
y

 u
se

d
 t

o
 

m
o

d
el

 r
el

at
io

n
sh

ip
s 

b
et

w
ee

n
 t

w
o

 
q

u
an

ti
ta

ti
v

e 
v

a
ri

ab
le

s.
 F

o
r 

sc
at

te
r 

p
lo

ts
 t

h
at

 
su

gg
es

t 
a 

li
n

ea
r 

as
so

ci
at

io
n

, i
n

fo
rm

al
ly

 f
it

 a
 

st
ra

ig
h

t 
li

n
e,

 a
n

d
 i

n
fo

rm
al

ly
 a

ss
es

s 
th

e 
m

o
d

el
 

fi
t 

b
y

 ju
d

gi
n

g
 t

h
e 

cl
o

se
n

es
s 

o
f 

th
e 

d
at

a 
p

o
in

ts
 

to
 t

h
e 

li
n

e.
 

3
. U

se
 t

h
e 

eq
u

at
io

n
 o

f 
a 

li
n

ea
r 

m
o

d
el

 t
o

 s
o

lv
e 

p
ro

b
le

m
s 

in
 t

h
e 

co
n

te
xt

 o
f 

b
iv

ar
ia

te
 

m
ea

su
re

m
en

t 
d

at
a,

 i
n

te
rp

re
ti

n
g 

th
e 

sl
o

p
e 

an
d

 in
te

rc
ep

t.
  F

o
r 

ex
a

m
p

le
, i

n
 a

 li
n

ea
r 

m
o

d
el

 
fo

r 
a

 b
io

lo
g

y 
ex

p
er

im
en

t,
 in

te
rp

re
t 

a
 s

lo
p

e 
o

f 
1

.5
 c

m
/h

r 
a

s 
m

ea
n

in
g

 t
h

a
t 

a
n

 a
d

d
it

io
n

a
l h

o
u

r 
o

f 
su

n
li

g
h

t 
ea

ch
 d

a
y 

is
 a

ss
o

ci
a

te
d

 w
it

h
 a

n
 

a
d

d
it

io
n

a
l 1

.5
 c

m
 i

n
 m

a
tu

re
 p

la
n

t 
h

ei
g

h
t.

 

4
. U

n
d

er
st

an
d

 t
h

at
 p

at
te

rn
s 

o
f 

as
so

ci
at

io
n

 c
an

 
al

so
 b

e 
se

en
 i

n
 b

iv
ar

ia
te

 c
at

eg
o

ri
ca

l d
at

a 
b

y
 

d
is

p
la

y
in

g 
fr

eq
u

en
ci

es
 a

n
d

 r
el

at
iv

e 
fr

eq
u

en
ci

es
 in

 a
 t

w
o

-w
ay

 t
a

b
le

. C
o

n
st

ru
ct

 a
n

d
 

in
te

rp
re

t 
a 

tw
o

-w
ay

 t
a

b
le

 s
u

m
m

ar
iz

in
g 

d
at

a 
o

n
 t

w
o

 c
at

eg
o

ri
ca

l v
ar

ia
b

le
s 

co
ll

ec
te

d
 f

ro
m

 
th

e 
sa

m
e 

su
b

je
ct

s.
 U

se
 r

el
at

iv
e 

fr
eq

u
en

ci
es

 
ca

lc
u

la
te

d
 f

o
r 

ro
w

s 
o

r 
co

lu
m

n
s 

to
 d

es
cr

ib
e 

p
o

ss
ib

le
 a

ss
o

ci
at

io
n

 b
et

w
ee

n
 t

h
e 

tw
o

 
v

ar
ia

b
le

s.
  F

o
r 

ex
a

m
p

le
, c

o
ll

ec
t 

d
a

ta
 f

ro
m

 
st

u
d

en
ts

 in
 y

o
u

r 
cl

a
ss

 o
n

 w
h

et
h

er
 o

r 
n

o
t 

th
ey

 
h

a
ve

 a
 c

u
rf

ew
 o

n
 s

ch
o

o
l n

ig
h

ts
 a

n
d

 w
h

et
h

er
 o

r 
n

o
t 

th
ey

 h
a

ve
 a

ss
ig

n
ed

 c
h

o
re

s 
a

t 
h

o
m

e.
 I

s 
th

er
e 

ev
id

en
ce

 t
h

a
t 

th
o

se
 w

h
o

 h
a

ve
 a

 c
u

rf
ew

 a
ls

o
 

te
n

d
 t

o
 h

a
ve

 c
h

o
re

s?
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S
ta

ti
st

ic
s 

a
n

d
 P

ro
b

a
b

il
it

y
 6

-8
 

7
. D

ev
el

o
p

 a
 p

ro
b

ab
il

it
y

 m
o

d
el

 a
n

d
 u

se
 it

 t
o

 f
in

d
 

p
ro

b
ab

il
it

ie
s 

o
f 

ev
en

ts
. C

o
m

p
ar

e 
p

ro
b

ab
il

it
ie

s 
fr

o
m

 a
 

m
o

d
el

 t
o

 o
b

se
rv

ed
 f

re
q

u
en

ci
es

; i
f 

th
e 

ag
re

em
en

t 
is

 n
o

t 
go

o
d

, e
xp

la
in

 p
o

ss
ib

le
 s

o
u

rc
es

 o
f 

th
e 

d
is

cr
ep

an
cy

. 

a.
 D

ev
el

o
p

 a
 u

n
if

o
rm

 p
ro

b
ab

il
it

y
 m

o
d

el
 b

y
 a

ss
ig

n
in

g 
eq

u
al

 p
ro

b
ab

il
it

y
 t

o
 a

ll
 o

u
tc

o
m

es
, a

n
d

 u
se

 t
h

e 
m

o
d

el
 

to
 d

et
er

m
in

e 
p

ro
b

ab
il

it
ie

s 
o

f 
ev

en
ts

.  
F

o
r 

ex
a

m
p

le
, i

f 
a

 
st

u
d

en
t 

is
 s

el
ec

te
d

 a
t 

ra
n

d
o

m
 f

ro
m

 a
 c

la
ss

, f
in

d
 t

h
e 

p
ro

b
a

b
il

it
y 

th
a

t 
Ja

n
e 

w
il

l b
e 

se
le

ct
ed

 a
n

d
 t

h
e 

p
ro

b
a

b
il

it
y 

th
a

t 
a

 g
ir

l w
il

l b
e 

se
le

ct
ed

. 

b
. D

ev
el

o
p

 a
 p

ro
b

ab
il

it
y

 m
o

d
el

 (
w

h
ic

h
 m

ay
 n

o
t 

b
e 

u
n

if
o

rm
) 

b
y

 o
b

se
rv

in
g 

fr
eq

u
en

ci
es

 i
n

 d
at

a 
g

en
er

at
ed

 
fr

o
m

 a
 c

h
an

ce
 p

ro
ce

ss
.  

F
o

r 
ex

a
m

p
le

, f
in

d
 t

h
e 

a
p

p
ro

xi
m

a
te

 p
ro

b
a

b
il

it
y 

th
a

t 
a

 s
p

in
n

in
g

 p
en

n
y 

w
il

l l
a

n
d

 
h

ea
d

s 
u

p
 o

r 
th

a
t 

a
 t

o
ss

ed
 p

a
p

er
 c

u
p

 w
il

l l
a

n
d

 o
p

en
-e

n
d

 
d

o
w

n
. D

o
 t

h
e 

o
u

tc
o

m
es

 f
o

r 
th

e 
sp

in
n

in
g

 p
en

n
y 

a
p

p
ea

r 
to

 b
e 

eq
u

a
ll

y 
li

ke
ly

 b
a

se
d

 o
n

 t
h

e 
o

b
se

rv
ed

 f
re

q
u

en
ci

es
? 

8
. F

in
d

 p
ro

b
ab

il
it

ie
s 

o
f 

co
m

p
o

u
n

d
 e

v
en

ts
 u

si
n

g 
o

rg
an

iz
ed

 li
st

s,
 t

ab
le

s,
 t

re
e 

d
ia

gr
am

s,
 a

n
d

 s
im

u
la

ti
o

n
. 

a.
 U

n
d

er
st

an
d

 t
h

at
, j

u
st

 a
s 

w
it

h
 s

im
p

le
 e

v
en

ts
, t

h
e 

p
ro

b
ab

il
it

y
 o

f 
a 

co
m

p
o

u
n

d
 e

v
en

t 
is

 t
h

e 
fr

ac
ti

o
n

 o
f 

o
u

tc
o

m
es

 in
 t

h
e 

sa
m

p
le

 s
p

ac
e 

fo
r 

w
h

ic
h

 t
h

e 
co

m
p

o
u

n
d

 e
v

en
t 

o
cc

u
rs

. 

b
. R

ep
re

se
n

t 
sa

m
p

le
 s

p
ac

es
 f

o
r 

co
m

p
o

u
n

d
 e

v
en

ts
 u

si
n

g
 

m
et

h
o

d
s 

su
ch

 a
s 

o
rg

a
n

iz
ed

 l
is

ts
, t

ab
le

s 
a

n
d

 t
re

e 
d

ia
gr

am
s.

 F
o

r 
an

 e
v

en
t 

d
es

cr
ib

ed
 i

n
 e

v
er

y
d

ay
 

la
n

gu
ag

e 
(e

.g
., 

“r
o

ll
in

g
 d

o
u

b
le

 s
ix

es
”)

, i
d

en
ti

fy
 t

h
e 

o
u

tc
o

m
es

 in
 t

h
e 

sa
m

p
le

 s
p

ac
e 

w
h

ic
h

 c
o

m
p

o
se

 t
h

e 
ev

en
t.

 

c.
 D

es
ig

n
 a

n
d

 u
se

 a
 s

im
u

la
ti

o
n

 t
o

 g
en

er
at

e 
fr

eq
u

en
ci

es
 

fo
r 

co
m

p
o

u
n

d
 e

v
en

ts
.  

. F
o

r 
ex

a
m

p
le

, u
se

 r
a

n
d

o
m

 d
ig

it
s 

a
s 

a
 s

im
u

la
ti

o
n

 t
o

o
l t

o
 a

p
p

ro
xi

m
a

te
 t

h
e 

a
n

sw
er

 t
o

 t
h

e 
q

u
es

ti
o

n
: I

f 
4

0
%

 o
f 

d
o

n
o

rs
 h

a
ve

 t
yp

e 
A

 b
lo

o
d

, w
h

a
t 

is
 

th
e 

p
ro

b
a

b
il

it
y 

th
a

t 
it

 w
il

l t
a

ke
 a

t 
le

a
st

 4
 d

o
n

o
rs

 t
o

 f
in

d
 

o
n

e 
w

it
h

 t
yp

e 
A

 b
lo

o
d

? 
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Fu
nc

ti
on

s 
6-

8 
Gr

ad
e 

6 
Gr

ad
e 

7 
Gr

ad
e 

8 
N

o 
Fu

nc
tio

ns
 D

om
ai

n 
at

 th
is 

gr
ad

e.
 

N
o 

Fu
nc

tio
ns

 D
om

ai
n 

at
 th

is 
gr

ad
e.

 
D

ef
in

e,
 e

va
lu

at
e,

 a
nd

 c
om

pa
re

 fu
nc

tio
ns

. 
1.

 U
nd

er
st

an
d 

th
at

 a
 fu

nc
tio

n 
is

 a
 ru

le
 th

at
 a

ss
ig

ns
 to

 
ea

ch
 in

pu
t e

xa
ct

ly
 o

ne
 o

ut
pu

t. 
Th

e 
gr

ap
h 

of
 a

 
fu

nc
tio

n 
is

 th
e 

se
t o

f o
rd

er
ed

 p
ai

rs
 co

ns
is

tin
g 

of
 

an
 in

pu
t a

nd
 th

e 
co

rr
es

po
nd

in
g 

ou
tp

ut
. (

Fu
nc

tio
n 

no
ta

tio
n 

is
 n

ot
 re

qu
ir

ed
 in

 G
ra

de
 8

.) 
2.

 C
om

pa
re

 p
ro

pe
rt

ie
s o

f t
w

o 
fu

nc
tio

ns
 e

ac
h 

re
pr

es
en

te
d 

in
 a

 d
iff

er
en

t w
ay

 (a
lg

eb
ra

ic
al

ly
, 

gr
ap

hi
ca

lly
, n

um
er

ic
al

ly
 in

 ta
bl

es
, o

r b
y 

ve
rb

al
 

de
sc

ri
pt

io
ns

). 
 F

or
 e

xa
m

pl
e,

 g
iv

en
 a

 li
ne

ar
 fu

nc
tio

n 
re

pr
es

en
te

d 
by

 a
 ta

bl
e 

of
 v

al
ue

s a
nd

 a
 li

ne
ar

 
fu

nc
tio

n 
re

pr
es

en
te

d 
by

 a
n 

al
ge

br
ai

c e
xp

re
ss

io
n,

 
de

te
rm

in
e 

w
hi

ch
 fu

nc
tio

n 
ha

s t
he

 g
re

at
er

 ra
te

 o
f 

ch
an

ge
. 

3.
 In

te
rp

re
t t

he
 e

qu
at

io
n 

y 
= 

m
x +

 b
 a

s d
ef

in
in

g 
a 

lin
ea

r f
un

ct
io

n,
 w

ho
se

 g
ra

ph
 is

 a
 st

ra
ig

ht
 li

ne
; 

gi
ve

 e
xa

m
pl

es
 o

f f
un

ct
io

ns
 th

at
 a

re
 n

ot
 li

ne
ar

.  F
or

 
ex

am
pl

e, 
th

e 
fu

nc
tio

n 
A 

= 
s2

 g
iv

in
g 

th
e 

ar
ea

 o
f a

 
sq

ua
re

 a
s a

 fu
nc

tio
n 

of
 it

s s
id

e 
le

ng
th

 is
 n

ot
 li

ne
ar

 
be

ca
us

e 
its

 g
ra

ph
 co

nt
ai

ns
 th

e 
po

in
ts

 (1
,1

), 
(2

,4
) 

an
d 

(3
,9

), 
w

hi
ch

 a
re

 n
ot

 o
n 

a 
st

ra
ig

ht
 li

ne
. 

 
Us

e 
fu

nc
tio

ns
 to

 m
od

el
 r

el
at

io
ns

hi
ps

 b
et

w
ee

n 
qu

an
tit

ie
s.

 
4.

 C
on

st
ru

ct
 a

 fu
nc

tio
n 

to
 m

od
el

 a
 li

ne
ar

 
re

la
tio

ns
hi

p 
be

tw
ee

n 
tw

o 
qu

an
tit

ie
s. 

D
et

er
m

in
e 

th
e 
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Tasks taken from www.illustrativemathemtatics.org. 

7th Grade Task 
7.RP 
 
Joel and Marisa are running for president at their middle school (grades 6-8). After the votes are 
in, Joel and Marisa are each convinced that they have won the election: 
 

• Joel argues that he has won a larger percentage of the overall vote than Marisa so he 
should be the new president. 

• Marisa argues that she has won a larger percentage than Joel of the 6th grade vote and 
the 7th grade vote. Since the majority of the grades voted for her, she should be the 
new president. 
 

Is it possible that both Joel and Marisa are making accurate claims? Explain. 
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Tasks taken from www.illustrativemathemtatics.org. 

HS Task 
A-REI, A-CED 
 
Nola was selling tickets at the high school dance. At the end of the evening, she picked up the 
cash box and noticed a dollar lying on the floor next to it. 
 
She said, “I wonder whether the dollar belongs inside the cash box or not.” 
 
The price of tickets for the dance was 1 ticket for $5 (for individuals) or 2 tickets for $8 (for 
couples). She looked inside the cash box and found $200 and ticket stubs for the 47 students in 
attendance. Does the dollar belong inside the cash box or not? 
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Shifts in Classroom Practice 
 
Shift 1:  From same instruction toward differentiated instruction. 
 
 
 
 
Shift 2:  From students working individually toward a community of learners. 
 
 
 
 
 
 

Shift 3:  From mathematical authority coming from the teacher or textbook toward  
                 mathematical authority coming from sound student reasoning. 
 
 
 
 
 
Shift 4:  From teacher demonstrating ‘how to’ toward teacher communicating ‘expectations’  
                 for learning. 
 
 
 
 
 
 
Shift 5:  From content taught in isolation toward content connected to prior knowledge. 
 
 
 
 
 
 

Shift 6:  From focus on correct answer toward focus on explanation and understanding. 
 
 
 
 
 
 

Shift 7:  From mathematics-made-easy for students toward engaging students in productive  
                 struggle. 
 
 
 
 
 
 
 

Bay-Williams, J. M., McGatha, M. B., Kobett, B. M. & Wray, J. A.   Mathematics Coaching:  Resources and Tools for Coaches 
and Leaders, K – 12. New York, NY: Pearson, 2013 

Same instruction for all students. Differentiated instruction but same 
learning outcomes for all students. 

Students work individually on tasks 
and seek feedback from teacher on 
reasonableness of strategies and 
solutions. 

Community of learners where students 
hear, share, and judge reasonableness 
of strategies and solutions. 

Correctness of solutions is 
determined by seeking input from 
teacher or textbook. 

Correctness of solution is based on 
reasoning about the accuracy of the 
solution strategy. 

Teacher demonstrates the way in 
which to solve a problem and then 
helps students in solving it that way. 

Teacher facilitates high-level 
performance by sharing learning goals 
and expectations for products that 
demonstrate learning. 

Content presented independent of its 
connections to what has been 
previously learned. 

Content presented in ways where 
explicit attention is given to making 
connections among mathematical 
ideas. 

Discussions and classroom routines 
focus on student explanation of how 
they solved a task and if it is correct. 

Discussions and classroom routines 
focus on student explanations that 
address why an answer is (or isn’t) 
correct. 
 

Mathematics is presented in small 
chunks and help is provided so that 
students reach solutions quickly and 
without higher level thinking. 

Teacher poses tasks and challenges 
students to persevere and attempt 
multiple approaches to solving 
problems. 
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Shifts in Classroom Practice 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

What does it look like? What does it sound like? 

Examples 
 

Non-examples 
 

 

What does it look like? What does it sound like? 

Examples 
 

Non-examples 
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Table 2.1:  
Elements of an Effective Mathematics Classroom Lesson Design

Probing Questions for Effective 
Lesson Design Reflection

1. Lesson Context: Learning 
Targets 

Procedural Fluency and 
Conceptual Understanding 
Balancing

What is the learning target for the 
lesson? How does it connect to the 
bigger focus of the unit?

What evidence will be used to 
determine the level of student 
learning of the target?

Are conceptual understanding and 
procedural fluency appropriately 
balanced?

How will you formatively assess 
student conceptual understanding 
of the mathematics concepts and of 
the procedural skill?

What meaningful application or 
model can you use? 

Which CCSS Mathematical 
Practices will be emphasized during 
this lesson?

2. Lesson Process: High-
Cognitive-Demand Tasks

Planning Student Discourse 
and Engagement

What tasks will be used that create 
an a-ha student moment and leave 
“mathematical residue” (insights 
into the mathematical structure of 
concepts) regardless of content 
type at a high-cognitive-demand 
level? 

How will you ensure the task is 
accessible to all students while 
still maintaining a high cognitive 
demand for students?

What strategic mathematical tools 
will be used during the lesson?

page 1 of 2
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Probing Questions for Effective 
Lesson Design Reflection

2. Lesson Process: High-
Cognitive-Demand Tasks

(continued)

How will each lesson example be 
presented and sequenced to build 
mathematical reasoning connected 
to prior student knowledge? 

What are the assessing and 
advancing questions you might 
ask during guided, independent, 
or group practice? What are 
anticipated student responses to 
the examples or tasks?

How might technology and student 
attention to precision play a role in 
the student lesson experience? 

3. Introduction, Daily Review, 
and Closure

What activity will be used to 
immediately engage students at the 
beginning of the class period? 

How can the daily review be 
used to provide brief, meaningful 
feedback on homework? (Five 
minutes maximum)

How will the students summarize 
the lesson learning targets and the 
key vocabulary words? 

4. Homework How does the homework 
assignment provide variety and 
meaning to the students—including 
long-term review and questions—
that balance procedural fluency 
with conceptual understanding?

page 2 of 2
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Figure 2.12:  
CCSS Mathematical Practices Lesson-Planning Tool

Unit:                   Date:                  Lesson:  

Learning target: As a result of today’s class, students will be able to 

Formative assessment: How will students be expected to demonstrate mastery of the learning target during 
in-class checks for understanding? 

Probing Questions for Differentiation on Mathematical Tasks

Assessing Questions

(Create questions to scaffold instruction for students 
who are “stuck” during the lesson or the lesson tasks.)

Advancing Questions 

(Create questions to further learning for students who 
are ready to advance beyond the learning target.) 

Targeted Standard for Mathematical Practice: 

Which Mathematical Practice will be targeted for proficiency development during this lesson?

Tasks

(Tasks can vary from lesson to 
lesson.)

What Will the Teacher Be 
Doing?

(How will the teacher present and 
then monitor student response to 
the task?)

What Will the Students Be 
Doing?

(How will students be actively 
engaged in each part of the 
lesson?)

Beginning-of-Class Routines

How does the warm-up activity 
connect to students’ prior 
knowledge, or how is it based on 
analysis of homework?

page 1 of 2
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Tasks

(Tasks can vary from lesson to 
lesson.)

What Will the Teacher Be 
Doing?

(How will the teacher present and 
then monitor student response to 
the task?)

What Will the Students Be 
Doing?

(How will students be actively 
engaged in each part of the 
lesson?)

Task 1

How will the students be engaged 
in understanding the learning 
target? 

Task 2

How will the task develop student 
sense making and reasoning? 

Task 3

How will the task require student 
conjectures and communication?

Closure

How will student questions and 
reflections be elicited in the 
summary of the lesson? How will 
students’ understanding of the 
learning target be determined? 

page 2 of 2
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Depth of Knowledge (DOK) 
 
Source:  www.smarterbalanced.org Mathematics Content Specifications 
 
A “Snapshot” of the Cognitive Rigor Matrix (Hess, Carlock, Jones & Walkup, 2009) 
Depth of 
Thinking 
(Webb) 
+ Type of 
Thinking (Revised 
Bloom) 
 

DOK Level 1 
 

Recall & 
Reproduction 

DOK Level 2 
 

Basic Skills & 
Concepts 

DOK Level 3 
 

Strategic 
Thinking & 
Reasoning 

DOK Level 4 
 

Extended 
Thinking 

Remember 
 Recall conversations, 

terms, facts 
   

Understand 

 Evaluate an 
expression 

 Locate points on a 
grid or number on 
number line 

 Solve a one-step 
problem 

 Represent math 
relationships in 
words, pictures, or 
symbols 

 Specify, explain 
relationships 

 Make basic inferences 
or logical predictions 
from 
data/observations 

 Use models/diagrams 
to explain concepts 

 Make and explain 
estimates 

 Use concepts to solve 
non-routine problems 

 Use supporting 
evidence to justify 
conjectures, 
generalize, or connect 
ideas 

 Explain reasoning 
when more than one 
response is possible 

 Explain phenomena in 
terms of concepts 

 Relate mathematical 
concepts to other 
content areas, other 
domains 

 Develop 
generalizations of the 
results obtained and 
the strategies used 
and apply them to new 
problem situations 

Apply 

 Follow simple 
procedures 

 Calculate, measure, 
apply a rule (e.g., 
rounding) 

 Apply algorithm or 
formula 

 Solve linear equations 
 Make conversions 

 Select a procedure 
and perform it 

 Solve routine problem 
applying multiple 
concepts or decision 
points 

 Retrieve information 
to solve a problem 

 Translate between 
representations 

 Design investigation 
for a specific purpose 
or research question 

 Use reasoning, 
planning, and 
supporting evidence 

 Translate between 
problem & symbolic 
notation when not a 
direct translation 

 Initiate, design, and 
conduct a project that 
specifies a problem, 
identifies solution 
paths, solves the 
problem, and reports 
results 

Analyze 

 Retrieve information 
from a table or graph 
to answer a question 

 Identify a 
pattern/trend 

 Categorize data, 
figures 

 Organize, order data 
 Select appropriate 

graph and organize & 
display data 

 Interpret data from a 
simple graph 

 Extend a pattern 

 Compare information 
within or across data 
sets or texts 

 Analyze and draw 
conclusions from data, 
citing evidence 

 Generalize a pattern 
 Interpret data from 

complex graph 

 Analyze multiple 
sources of evidence or 
data sets 

Evaluate 

   Cite evidence and 
develop a logical 
argument 

 Compare/contrast 
solution methods 

 Verify reasonableness 

 Apply understanding 
in a novel way, 
provide argument or 
justification for the 
new application 

Create 

 Brainstorm ideas, 
concepts, problems, 
or perspectives 
related to a topic or 
concept 

 Generate conjectures 
or hypotheses based 
on observations or 
prior knowledge and 
experience 

 Develop an alternative 
solution 

 Synthesize 
information within 
one data set 

 Synthesize 
information across 
multiple sources or 
data sets 

 Design a model to 
inform and solve a 
practical or abstract 
situation. 
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Level One Activities

Recall elements and details of story 
structure, such as sequence of 
events, character, plot and setting.

Conduct basic mathematical
calculations.

Label locations on a map.

Represent in words or diagrams a 
scientific concept or relationship.

Perform routine procedures like 
measuring length or using 
punctuation marks correctly.

Describe the features of a place or 
people.

                          

Level Two Activities
Identify and summarize the major 
events in a narrative.

Use context cues to identify the
meaning of unfamiliar words.

Solve routine multiple-step problems.

Describe the cause/effect of a 
particular event.

Identify patterns in events or 
behavior.

Formulate a routine problem given 
data and conditions.

Organize, represent and interpret 
data.

Level Three Activities
Support ideas with details and 
examples.

Use voice appropriate to the 
purpose and audience.

Identify research questions and 
design investigations for a 
scientific problem.

Develop a scientific model for a 
complex situation.

Determine the author’s purpose 
and describe how it affects the 
interpretation of a reading 
selection.

Apply a concept in other contexts.

Level Four Activities
Conduct a project that requires 
specifying a problem, designing and 
conducting an experiment, analyzing 
its data, and reporting results/
solutions.

Apply mathematical model to 
illuminate a problem or situation.

Analyze and synthesize 
information from multiple sources.

Describe and illustrate how common 
themes are found across texts from 
different cultures.

Design a mathematical model to 
inform and solve a practical 
or abstract situation.

Level 
Two
(Skill/
Concept)

Level 
One

(Recall)

Level 
Three

(Strategic Thinking)

Level 
Four
(Extended
Thinking)

Arrange

Calculate

Define
Draw Identify

Illustrate

Label
List

Match

Measure

Memorize

Name

QuoteRecall

Recite
Recognize

Repeat Report
State

Tabulate
Tell Use

Who, What, When, Where, Why

Describe
Explain

Interpret

Categorize

Cause/Effect

Collect and Display

Classify

Compare

Construct

Distinguish

Estimate

Graph
Identify Patterns

Infer

Interpret

Make Observations

Modify

Organize

Predict

Relate

Separate

Show

Summarize

Use Context Cues

Apprise

Assess

Cite Evidence

Compare

Construct

Critique

Develop a Logical Argument

Differentiate
Draw Conclusions

Explain Phenomena in Terms of Concepts
Formulate

Hypothesize

Investigate

Revise

Use Concepts to Solve Non-Routine Problems

Apply Concepts

Design

Connect

Prove

Synthesize

Critique

Analyze

Create

Depth of Knowledge (DOK) Levels

Webb, Norman L. and others. “Web Alignment Tool” 24 July 2005. Wisconsin Center of Educational Research. University of Wisconsin-Madison. 2 Feb. 2006. <http://www.wcer.wisc.edu/WAT/index.aspx>.34
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Sample Assessment to Analyze (NOT meant to be exemplary) 

8.EE.8     Name: _________________________________________ Period __________ 

Standard:  Analyze and solve linear equations and pairs of simultaneous linear equations.  

1.  Solve the systems of equations by graphing.  

a. 
1

52





xy

xy
         

 

 

             b.  What is the solution? ______________ 

      2.    Solve the systems of equations.  Show your work.   

 Select the correct answer. 

a.   
xy

xy

3

642




           b.  

1022

1224





yx

yx
  

 

 

         3.   Solve the systems of equations.  Show your work.  

a.   
244

0272





yx

yx
     b.  

393

532





yx

yx
 

  

 

 

 

 

         

   

 

-8 -6 -4 -2 2 4 6 8
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4
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8

x

y

 

 4.  Water World charges $5 admission plus $.50 for each ride.  

      The cost of Jet World is $2.75 admission plus $1.25 per ride.  

      For what number of rides is the total cost the same at each  

      park?  What is the cost?   
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y 
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c
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c
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c
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n
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 p
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d
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c
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d
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b
le

m
 S

o
lv

in
g

 

 &
 

 4
. 

M
o

d
e

li
n

g
 a

n
d

 

D
a

ta
 A

n
a

ly
s
is

 

P
ro

b
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 m
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b
le

m
s
 a

ri
s
in

g
 i
n

 e
v
e

ry
d

a
y 

li
fe

, 

s
o

c
ie

ty
, 

a
n

d
 t

h
e

 w
o

rk
p

la
c
e

. 

2
,3

 

p
(3

)=
1

.0
 

2
 

0
 

9
 

9
 

B
. 

 S
e

le
c
t 

a
n

d
 u

s
e

 a
p

p
ro

p
ri

a
te

 t
o

o
ls

 

s
tr

a
te

g
ic

a
ll
y.

 
1

,2
 

C
. 

 In
te

rp
re

t 
re

s
u

lt
s
 i
n

 t
h

e
 c

o
n

te
xt

 o
f 

a
 

s
it

u
a

ti
o

n
. 

2
 

D
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